We investigate parallel isotropic immersions of an open submanifold of either the Cayley projective plane CayP 2 ðaÞ or its noncompact dual into a real space formM M n ðc cÞ, and give a characterization of the first standard embedding of CayP 2 ðaÞ intoM M n ðc cÞ in terms of a particular class of Frenet curves of order 2.
Introduction
Let f : M !M M be an isometric immersion of a Riemannian manifold M into an ambient Riemannian manifoldM M. In order to study the properties of the immersion f it is one of natural ways to examine the extrinsic shape of curves in the submanifold M.
A smooth curve g in M parametrized by its arc-length is called a Frenet curve of proper order 2 of curvature k if there exist a smooth unit vector field V along g and a positive smooth function k satisfying the following system of ordinary di¤erential equations ' _ g g _ g g ¼ kV and ' _ g g V ¼ Àk _ g g: ð1:1Þ
We call a Frenet curve of proper order 2 with positive constant curvature k a circle of curvature k. We regard a geodesic as a circle of null curvature. K. Nomizu and K. Yano proved that a submanifold M is an extrinsic sphere ofM M (that is, a totally umbilical submanifold with parallel mean curvature vector) if and only if every circle of curvature k in M is also a circle inM M for some positive constant k ( [9] ). Motivated by their result, in [13] we gave characterizations of an extrinsic sphere and every totally geodesic submanifold in a Riemannian manifold in terms of a Frenet curve of proper order 2. In [8] , S. Maeda and the author characterized all totally geodesic Kähler immersions of Kähler manifolds into an ambient Kähler manifold and all parallel isometric immersions of a complex space form into a real space form by using a particular class of Frenet curves.
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Along this context, in the preceding paper [14] the author established a theorem which provides a characterization of the first standard minimal immersion of the Cayley projective plane CayP 2 ðcÞ into a real space form by observing the extrinsic shape of some Frenet curves of order 2 in CayP 2 ðcÞ. However, there was a gap in the proof of the theorem. He stated that the parallelism of the second fundamental form implies the rigidity of the parallel isotropic immersion and it is possible to use the classification theorem of complete parallel submanifolds in a real space form as a local theorem (see page 15 in [14] ). His comment is true, but he did not give a full detail of the proof. Additionally, there was a slight deficiency of the precision in his theorem, because he did not describe one of examples which he should have done (see page 13 in [14] and our Theorem 2).
We have two aims of the present paper. One of those is to bring the above local rigidity theorem to completion. That is, we shall prove the following. M 26 ðc cÞ, where f 1 is given above, f 2 is a totally umbilical immersion and 3a=4 bc c.
To prove Theorem 1, we take a di¤erent way from that mentioned in [14] and utilize the result of Y. Agaoka and E. Kaneda [3] . The proof of Theorem 1 will be given in §4. Preparatorily, in §3 we study the properties of isotropic immersions of the Cayley plane into a real space form by examining the structure of the first normal space.
Using the above theorem, we can deal with not only CayP 2 ðaÞ but also CayH 2 ðaÞ. The other aim of this paper is to establish the following new theorem which fills up the deficiency in [14] and is an improvement of that: M M 16þp ðc cÞ, where f 1 is as above, f 2 is a totally umbilical immersion and 3a=4 bc c. In addition, the Cayley Frenet curve g is a Cayley circle.
For the notions of Cayley Frenet curves and Cayley circles in the Cayley plane, we refer to §5. The proof of Theorem 2 will be given in §6.
The author wishes to express his appreciation to Professor S. Maeda for his constant encouragement and help in developing this paper. He also greatly appreciates the referee's valuable suggestions.
Preliminaries
In this section we review a few fundamental equations in submanifold theory and prepare some lemmas. Let M andM M be Riemannian manifolds and f : M !M M an isometric immersion. We identify a vector X of M with a vector f Ã ðX Þ ofM M throughout this paper. The Riemannian metrics on M,M M are denoted by the same notation h ; i. The pull back f À1 TM M of the tangent bundle TM M ofM M is orthogonally decomposed into the sum of tangent bundle TM of M and normal bundle NM:
We denote by ' and' ' the covariant di¤erentiations of M andM M, respectively. Then the formulae of Gauss and Weingarten arẽ Next, we recall the notion of isotropic immersions in the sense of B. O'Neill. An isometric immersion f : M !M M is said to be (l x -)isotropic at x A M if there exists a nonnegative constant l x such that ksðX ; X Þk ¼ l x for every unit tangent vector X A T x M. If there exists a nonnegative constant l satisfying that ksðX ; X Þk ¼ l for every point x A M and for every unit tangent vector X A T x M, then f is called a constant isotropic immersion whose isotropy constant is l. Note that a totally umbilical immersion is isotropic, but not vice versa. We have the following lemma (see [12] ). 
(3) f is parallel if and only if f 0 is parallel.
The first normal space at the point x of M is defined as the subspace N 1 x ðMÞ of N x M spanned by the image of the second fundamental form at x, that is,
where Span R fÃg denotes the real vector space spanned by fÃg. The discriminant D x at x A M is given as
where KðX ; Y Þ (resp.K KðX ; Y Þ) represents the sectional curvature of the plane spanned by orthonormal vectors X ; Y A T x M for M (resp. forM M).
The following two lemmas are due to B. O'Neill ( [10] ):
For an isometric immersion f : M !M M the following conditions are mutually equivalent:
(1) f is l x -isotropic at x A M for some l x ðb 0Þ. 
Moreover,
Isotropic immersions of the Cayley plane
Let Cay denote the set of Cayley numbers, which is an 8-dimensional nonassociative division algebra over the real numbers ( [6] ). It has multiplicative identity 1 and a positive definite symmetric bilinear form h ; i. Let fu 0 ¼ 1; u 1 ; . . . ; u 7 g be an orthonormal basis of Cay with respect to the form h ; i. The multiplication of Cayley numbers is completely determined by the multiplication table given below: The tangent space of M can be identified with the set of ordered pair of Cayley numbers Cay l Cay. The vector space Cay l Cay has a positive definite symmetric bilinear form h ; i given by hða; cÞ; ðb; dÞi ¼ ha; bi þ hc; di. We put e i ¼ ðu i ; 0Þ, e i Ã ¼ ð0; u i Þ for 0 a i a 7. Then the vectors e 0 ; . . . ; e 7 , e 0 Ã ; . . . ; e 7 Ã form an orthonormal basis of the tangent space of M.
The curvature tensor R of M is given by hRðða; bÞ; ðc; dÞÞðe; f Þ; ðg; hÞi ð3:2Þ ¼ aðhc; eiha; gi À ha; eihc; gi þ hd; f ihb; hi À hb; f ihd; hiÞ
(for detail, see [4] 
For an orthonormal basis fe 0 ; . . . ; e 7 ; e 0 Ã ; . . . ; e 7 Ã g of the tangent space T x M, we employ the simple notation s ij , s ij Ã and s i Ã j Ã instead of sðe i ; e j Þ, sðe i ; e j Ã Þ and sðe i Ã ; e j Ã Þ, respectively. Then, the equation (3.3), combined with (3.2), yields the following orthogonal relations:
where e ij and k ij are defined by (3.1).
A straightforward calculation shows the following lemmas. 
Then, the relations ð3:4Þ; . . . ; ð3:7Þ tell us that the vector space N 1 x ðMÞ is decomposed into a direct sum of subspaces which are mutually orthogonal:
Evaluating the dimension of each subspace, we obtain the following lemma which gives a necessary condition for an isometric immersion f to be isotropic. 
Proof. Denote by KðX ; Y Þ the sectional curvature of the plane spanned by vectors X ; Y A T x M ¼ Cay l Cay. Then we see from (3.2) that Kðða; 0Þ; ðb; 0ÞÞ ¼ hRðða; 0Þ; ðb; 0ÞÞðb; 0Þ; ða; 0Þi=kða; 0Þ5ðb; 0Þk 2 ¼ a for ða; 0Þ; ðb; 0Þ A T x M with ða; 0Þ5ðb; 0Þ 0 0. So the restriction D x j Caylf0g of the discriminant to Cay l f0g is constantly equal to a Àc c on the linear subspace Cay l f0g of T x M, and hence we can apply Lemma 3 to the subspace Cay l f0g. Our discussion is divided into the following three cases:
x . immersions of the cayley projective plane
First, we investigate the case (A). The relation (3.4) reduces to
The relation (3.5) becomes
We here recall the Gram determinant Gðv 1 ; . . . ; v n Þð¼ Gðfv i g i¼1;...; n ÞÞ of a set of vectors v 1 ; . . . ; v n in a real metric vector space given by
It is well known that Gðv 1 ; . . . ; v n Þ b 0 and that the vectors v 1 ; . . . ; v n are linearly independent if and only if the Gram determinant Gðv 1 ; . . . ; v n Þ is nonzero. For our vectors s 00 ; s 0 Ã 0 Ã A S; we have
This means that 0 < a=4 a l 2 x and the dimension of the subspace S equals 1 (resp. 2) if and only ifc c ¼ 3a=4 (resp.c c < 3a=4), because a Àc c ¼ l
We see from (3.6) that
Hence we have dim U m ¼ 1 ðm ¼ 0; . . . ; 7Þ so dim N 1 x ðMÞ ¼ 9 or 10 according as c c ¼ 3a=4 orc c < 3a=4. This proves the assertion (1), (2) .
Next, we study the case (B). Lemma 3 says that P 7 i¼0 s ii ¼ 0 and dim Span R fs ij ; 0 a i a 7; 0 a j a 7g ¼ 35; so we have dim Span R fs 00 ; . . . ; s 66 g ¼ 7 and dim T ¼ 28. On the other hand, for vectors ð0; aÞ; ð0; bÞ A T x M with ð0; aÞ5 ð0; bÞ 0 0 we have Kðð0; aÞ; ð0; bÞÞ ¼ a. Hence we can apply Lemma 3 to the linear subspace f0g l Cay of T x M. Since D x j f0glCay ¼ a Àc c ¼ À5l
i¼0 s i Ã i Ã ¼ 0 and dim Span R fs 0 Ã 0 Ã ; . . . ; s 6 Ã 6 Ã g ¼ 7, dim T Ã ¼ 28 as well. Thus, we find that our immersion f is minimal:
Thanks to Lemma 4, we have 3l 
which implies that vectors s 00 ; . . . ; s 66 , s 0 Ã 0 Ã ; . . . ; s 6 Ã 6 Ã form an independent system and dim S ¼ 14.
We evaluate the dimension of U 0 ¼ Span R fs 00 Ã ; . . . ; s 77 Ã g. The relation (3.6) becomes For the other subspace U m , we can also see dim U m ¼ 7. Consequently, we get the assertion (3).
Lastly, we consider the case (C). In this case, 
Suppose that 5a þc c þ l 
The proof of Theorem 1
Our immersion f is a full parallel isotropic immersion of M into a real space formM M 16þp ðc cÞ of constant sectional curvaturec c. Hence, the mean curvature vector h f of f is parallel. Therefore, as an immediate consequence of Lemma 4 (3.8), we find that the immersion f is constant isotropic. Moreover, we know from Lemma 5 that f is pseudo umbilical. So, by using a similar method in [11] it can be shown that either M is minimal inM M 16þp ðc cÞ or M is minimally immersed into a totally umbilical hypersurface M 16þq ðcÞ ðq ¼ p À 1Þ ofM M 16þp ðc cÞ which is orthogonal to the mean curvature vector h f . Here note that our submanifold M is not necessarily complete. The above fact holds without the hypothesis of completeness.
First, we consider the case that M is minimal inM M 16þp ðc cÞ. From Remark 2 we havec c > 0, so that we can regard M as a minimal submanifold of S 16þp ðc cÞ through a constant isotropic immersion f whose isotropy constant is l. Let i be the natural embedding of S 16þp ðc cÞ into a Euclidean space R 17þ p . Then, we can see that the immersion i is a constant ffiffi f c c p -isotropic and kh i k ¼ ffiffi f c c p . Thus, from Lemma 1, the composition i f : M ! R 17þ p is a parallel constant isotropic immersion and its isotropy constant is ffiffiffiffiffiffiffiffiffiffiffiffiffi l 2 þc c p . We denote by D and '
? the covariant di¤erentiation of R 17þ p and that in the normal bundle of M in R 17þ p , respectively. Let g ¼ gðsÞ be an arbitrary geodesic in M parametrized by its arclength s. We have
By the formula of Gauss we have
Moreover, by the formula of Weingarten
Since i f is isotropic, it follows that A s i f ð _ g g; _ g gÞ _ g g ¼ ðl 2 þc cÞ _ g g. In fact, we take a local field of orthonormal frames fe 
310 hiromasa tanabe which shows the equality. By the fact that i f is parallel, we have '
Hence we obtain
Thus we see that every geodesic in M is a circle in R 17þ p . In general, an isometric immersion of M intoM M is called a planar geodesic immersion if every geodesic in M is mapped locally into a 2-dimensional totally geodesic submanifolds ofM M. Our immersion i f is planar geodesic. Now, we have the following lemma due to S. L. Hong ( [7] ):
Lemma 7. Let M be an n-dimensional ðn b 2Þ connected Riemannian manifold, f : M ! R nþp a planar geodesic immersion. Then f is a constant isotropic immersion. Denote by l its isotropic constant. If l > 0, the maximal (resp. minimal) sectional curvature of M is equal to l 2 (resp. l 2 =4), that is,
Applying this to our case, we can see that a > 0 and a ¼ l 2 þc c. Therefore, by Lemma 6 and Remark 2, we conclude that p ¼ 9.
Next, we investigate the case that M is minimally immersed into a totally umbilical hypersurface M 16þq ðcÞ. Thanks to their result, we find that our immersion f is locally congruent to either the first standard minimal immersion CayP 2 ðaÞ ! S 25 ð3a=4Þ or the composition of the first standard minimal immersion and a totally umbilical immersion CayP 2 ðaÞ ! S 25 ð3a=4Þ !M M 26 ðc cÞ ð3a=4 bc cÞ.
Cayley Frenet curves
We consider a Frenet curve g of proper order 2 in CayP 2 ðaÞ ða > 0Þ or CayH 2 ðaÞ ða < 0Þ: We can see from (1.1) that the sectional curvature Kð _ g g; V Þ given by the osculating plane spanned by _ g g and V is constant along g. Indeed, since 'R 1 0 we have
A Frenet curve g of proper order 2 which satisfies Kð _ g g; V Þ ¼ a is called a Cayley Frenet curve. If the curvature k of a Cayley Frenet curve g is constant, namely if g is a circle, we call g a Cayley circle. We regard a geodesic as a Cayley circle of null curvature.
A curve g in a Riemannian manifold M is called a plane curve if the curve g is locally contained in some 2-dimensional totally geodesic submanifold of M. 
The proof of Theorem 2
The proof is similar to that in [14] . But for readers we explain it in detail. Let x be an arbitrary point of M and X A T x M an arbitrary unit vector. Let g ¼ gðsÞ be a Cayley Frenet curve in M satisfying the equations (1.1) and the initial condition gð0Þ ¼ x, _ g gð0Þ ¼ X and KðX ; V ð0ÞÞ ¼ a. Since the curve f g is a plane curve inM M 16þp ðc cÞ by assumption, there exist a (nonnegative) functioñ k k ¼k kðsÞ and a field of unit vectorsṼ V ¼Ṽ V ðsÞ along f g inM M 16þp ðc cÞ which satisfy that' Finally, we shall show that the curve g satisfying the hypothesis of Theorem 2 is a Cayley circle. Assume that the curvature k is not constant. Then there exists some s 0 with _ k kðs 0 Þ 0 0. Since k;k k > 0, we find _ k k k kðs 0 Þ 0 0 from (6.14). From the fact that ' 0 s ¼ 0 and (6.13) we can see that the equation (6.7) yields sð _ g gðs 0 Þ; _ g gðs 0 ÞÞ ¼ 0. As we know that f is constant isotropic, we conclude sðX ; X Þ ¼ 0 for an arbitrary unit vector X A T x M at each point x A M. Hence the immersion f : M !M M 16þp ðc cÞ is totally geodesic. But it is known that the manifold M cannot be immersed into a real space form as a totally geodesic submanifold. Thus we have a contradiction, so that the curve g is a Cayley circle. This completes the proof.
Remark 3. Recently, T. Adachi and T. Sugiyama characterized some isometric immersions from the view point of curvature logarithmic derivatives of curves. See for example [1] .
